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I. INTRODUCTION
Although the literature on Yang-Mills theories in 2 space-time dimensions is quite rich, a number of issues have still remained unresolved. The purpose of this paper is to analyze three such issues. The paper is addressed both to high energy theorists and mathematical physicists. Therefore, an attempt is made to bridge the two sets of terminologies, techniques and conceptual frameworks.
The first issue concerns the expectation values of traces of holonomies of the connection around closed loops in the Euclidean domain, i.e., the Wilson loop functionals. The traces of holonomies are, arguably, the central observables of the ͑pure͒ Yang-Mills theory. In the classical regime, they constitute a natural set of ͑over͒complete gauge invariant functions of connections with rich geometrical and physical content. Hence, their Euclidean vacuum expectation values are the natural gauge invariant analogs of the expectation values ( f ):ϭ͗exp i͐d n x (x)f(x)͘ in scalar field theories which determine all the n-point ͑i.e., Schwinger͒ functions ͑via repeated functional differentiation with respect to f ). From theoretical physics considerations, therefore, one expects the Wilson loop functionals to completely determine the theory. From a mathematical physics perspective, the quantum theory is completely determined if one specifies the underlying measure d-the rigorous analog of the heuristic expression ''expϪS͓A͔DA'' -on the space of Euclidean paths. The expectation values of products of traces of holonomies determine the ''moments'' of the measure d. Hence, one expects them to determine the measure completely.
Over the years, these considerations inspired a number of authors to devise imaginative ways to explore properties of the Wilson loop functionals. For example, Makeenko and Migdal 1 formulated differential equations that these functions have to satisfy on the space of loops and then introduced physically motivated ansätze to solve them. ͑See also Refs. 2, 3.͒ Similarly, Gross and co-authors 4 have used stochastic methods to obtain closed expressions for non-overlapping Wilson loops. While these methods have yielded a wealth of insights, to the best of our knowledge, a closed expression for generic Wilson loops has not yet appeared in the literature. ͑At best the compuations performed provide us with an expression which is exact but only implicit in the sense that there have still to be done non-trivial computations for each case at hand; see, e.g., Ref. 5͒. The first purpose of this paper is to provide such an expression for SU(N) ͓and U͑1͔͒ gauge theories assuming that the underlying Euclidean space-time has a topology of R 1 ϫR 1 , or R 1 ϫS 1 . ͑In the U(1) case, we also allow the topology to be S 1 ϫS 1 .) The final expression is explicit up to a trivial contraction of group indices for a matrix which we have computed for the general case.
The second issue treated here is the relation between the Euclidean description in terms of functional integrals and the canonical description in terms of a Hilbert space and a Hamiltonian. For scalar field theories, there exists a general framework that ensures this equivalence ͑see, e.g., Ref. 6͒. We extend it to gauge theories and explicitly establish the equivalence between the two descriptions in the case when the Euclidean topology is R 1 ϫR 1 or R 1 ϫS 1 . While the extension involved is rather straightforward, it is quite illuminating to see how the Euclidean frameworkwhich, a priori, does not know that the system has only a finite number of true degrees of freedom-reduces to the Hamiltonian framework which, from the very beginning, exploits the fact that this is a quantum mechanical system, disguised as a quantum field theory.
Our third goal is to suggest an extension of the axiomatic framework of Osterwalder and Schrader. In that framework, one assumes from the very beginning that the underlying space of paths is linear, and can be identified with the distributional dual S Ј of the Schwartz space S of smooth test functions of rapid decrease ͑see, e.g., Ref. 6͒. The axioms are restrictions on the measure on S Ј,formulated as conditions on the functional ( f )ϭ͐d"exp i͐d n x (x)f(x)…, introduced above, now interpreted as the Fourier transform of the measure . Now, in gauge theories, it is natural to regard each gauge equivalence class of connections as a distinct physical path. The space A/G of paths is then a genuinely non-linear space and the standard axioms can not even be stated unless one introduces, via gauge fixing, an artificial linear structure on A/G . ͑In higher dimensions, due to Gribov ambiguities, such a gauge fixing does not exist.͒ We will suggest a possible extension of the standard framework to encompass gauge theories in a manifestly gauge invariant fashion and show that the axioms are in fact satisfied in the two-dimensional Yang-Mills theories discussed in sections II-IV. We would like to emphasize, however, that there is a key difference between the status of the first two sets of results and the third. In the first two cases, we deal only with two-dimensional Yang-Mills theory and the results are definitive. In the third part, the general framework is applicable to gauge theories in any space-time dimension and the discussion is open-ended; it opens a door rather than closing one. In particular, relative to other attempts 7 in the literature, our approach is still very much in the preliminary stage. The main ideas behind our approach can be summarized as follows. ͑For a more detailed discussion, see Refs. 8, 9 .͒ First, we will maintain manifest gauge invariance in the sense that we will work directly on the space A/G . No attempt will be made to impose a vector space structure by gauge-fixing; we will face the non-linearities of A/G squarely. Now, it is well-known that, in quantum field theory, smooth fields make a negligible contribution to the path integrals; physically interesting measures tend to be concentrated on distributions. Therefore, in the case of gauge theories, we need to allow generalized connections. Fortunately, a suitable completion A/G of the space A/G of smooth physical paths has been available in the literature for some time. 10, 11 Furthermore, this space carries [11] [12] [13] a rigorously defined, uniform measure 0 which can serve as a fiducial measure-the analog of the heuristic measure DA. The idea is to construct the physically relevant measure by ''multiplying d 0 by expϪS,'' where S is the Yang-Mills action.
As in all constructive quantum field theories, this task is, of course, highly non-trivial. We proceed in the following steps. First, we consider Wilson's lattice-regularized version S W of S. Now, it turns out that expϪS W is an integrable function with respect to the measure d 0 and, furthermore, products of traces of holonomies, T ␣ 1 ••• T ␣ k , around loops ␣ 1 , ...,␣ k are integrable on A/G with respect to the measure expϪS W d 0 . We compute these expectation values as a function of the lattice spacing, used in the Wilson regularization, and then show that the resulting expressions have a well-defined limit as the spacing goes to zero. These are the required Wilsonloop functionals in the continuum. General theorems [10] [11] [12] from integration theory on A/G guarantee that there exists a genuine, normalized measure YM on A/G such that the integrals of products of traces of holonomies with respect to YM are the Wilson loop functionals computed by the regularization procedure. This provides a concrete proof of the existence of a consistent Euclidean theory. The techniques we use were first developed in the context of a non-perturbative approach to general relativity.
14 Therefore, our emphasis is often different from that in the literature of YangMills theories. For instance, we arrive at the final, closed expressions of Wilson loops by a direct computation of the functional integrals, rather than through differential equations these functionals satisfy on the loop space. In this sense, our approach is similar to that followed in the mathematical physics literature. However, in these rigorous approaches, one often tries to exploit methods which have been successful in kinematically linear theories and, to do so, introduces a vector space structure of A/G through gauge fixing. As mentioned above, we work directly on the non-linear space A/G and thus avoid gauge fixing in conceptual considerations. Also, our method respects the invariance of the theory under area preserving diffeomorphisms. In particular, our Wilson loop functionals -and hence the final, physical measure for the continuum theory -are manifestly invariant under the action of this group.
The plan of the paper is as follows. In section II, we review the relevant notions from calculus on A/G . In section III, we reformulate lattice gauge theory in a manner that makes the analytic computation of Wilson loop functionals easier. This formulation constitutes the basis of our discussion of the continuum theory in section IV. Here, we first derive the general form of the Wilson loop functionals with ultraviolet and infrared cut-offs provided by the lattice regularization and then show that the functionals admit well-defined limits as the cut-offs are removed. In the mathematical physics terminology, these limits are the generating functions for the physical, Yang-Mills measure on A/G . For simple loops, we recover the well-known area law which is generally taken to be the signature of confinement. More generally, if we suitably restrict our choices of loops, our general results reduce to those obtained previously in the mathematical physics literature. Section IV reviews the Hamiltonian quantization of Yang-Mills fields in cases when the underlying Lorentzian space-time has the topology of a 2-plane or a 2-cylinder. The aim of section V is threefold. We begin with a brief review of the Osterwalder-Schrader framework for kinematically linear theories and, using the machinery developed in sections II-IV, propose an extension to handle gauge theories. We then show that our two-dimensional model, treated in section IV, satisfies these axioms. Finally, we show that the Hamiltonian framework reviewed in section IV can be systematically recovered from the Euclidean framework. Section VI summarizes the main results, compares them with the results available in the literature and suggests some directions for further work.
A number of technical topics are covered in appendices. Specifically, Young tableaux which are needed in certain computations of Sec. IV are discussed in Appendix A and the details of the Euclidean U(1) theory on a torus are presented in Appendix B.
Finally, we wish to emphasize that in most of this paper we have restricted ourselves to non-compact space-times since it is only in this case that a direct comparison with the Hamiltonian theory is possible. In particular, all our results in the non-Abelian case pertain to spacetime topologies RϫR and S 1 ϫR and it is only in these cases that we have obtained a complete solution. In recent years, there has been extensive work on Euclidean Yang-Mills theories on compact Riemannian surfaces ͑see, e.g., Refs. 15-17͒ which has led to a variety of interesting results. ͑For reviews, see, e.g., Refs. 18, 19.͒ Similarly, interest in the large N limit of twodimensional Yang-Mills theories and coupling to fermions in this limit has also been renewed in the last few years. ͑See, e.g., Refs. 20-22.͒ However, all these developments lie outside the scope of the present paper.
II. PRELIMINARIES
In this section, we will review the basic notions from Refs. 10-13, 23 ͑and references therein͒ which will be used in this paper. This material will provide the necessary background for our discussion of the mathematical aspects of functional integration, axiomatic formulation of gauge theories and the relation between Euclidean and Hamiltonian formulations. A reader who is interested primarily in the computation of the Wilson loop functionals can skip this material and go directly to sections III and IV.
By a loop we will mean a piecewise-analytic embedding of S 1 into the ͑Euclidean͒ spacetime manifold M . For technical convenience, we will only consider based loops, i.e., loops passing through a fixed point p in M . Denote the set of these loops by L p . As indicated already, our structure group will be either SU(N) ͑where Nу2) or U(1). Fix any one of these groups, consider a trivial Principal fibre bundle B on M and denote by A the space of smooth connections on B. Given any AA, we can associate with every ␣L p an element of SU(N) by evaluating the holonomy,
͑II.1͒
at the base point p ͑where, as usual, P stands for ''path ordered''͒. Let us introduce an equivalence relation on L p : two loops ␣ 1 ,␣ 2 L p will be said to be holonomically equivalent, ␣ 1 ϳ␣ 2 , iff h ␣ 1 (A)ϭh ␣ 2 (A)᭙AA. Each of these holonomically equivalent loops will be called a hoop. It is straightforward to verify that the space HG of hoops has a natural group structure. We will call it the Hoop group. For notational simplicity, in what follows we will not distinguish between a hoop and a loop in the corresponding equivalence class.
Denote by G the group of smooth, local gauge transformations ͑i.e., of smooth vertical automorphisms of B). Of special interest are the G -invariant functions T ␣ of connections obtained by taking traces of holonomies:
where the trace is taken with respect to the N-dimensional fundamental representation of the structure group. As is well known, the functions T ␣ suffice to separate points of A/G in the sense that given all the T ␣ , we can reconstruct the smooth connection modulo gauge transformations. 24 This is significant because, in the classical theory, physical paths are represented by elements of A/G . To go over to the quantum theory, we need to extend this space of paths appropriately since the set of smooth paths is, typically, of zero measure in physically interesting theories. One possible extension has been carried out in the literature. 10, 11 ͑For motivational remarks, see Ref. 8 .͒ This extension, A/G , can be characterized in three complementary ways, each emphasizing a different set of its properties. Since A/G will play a fundamental role in the quantum theoryin our approach it represents the space of gauge invariant, physical paths in the Euclidean approach -we will now sketch all these characterizations: ͑i͒ Perhaps the simplest characterization is the following: A/G is the space of all homomorphisms from the hoop group HG to the structure group SU(N) or U(1), ͑modulo the adjoint action of the structure group at the base point p). It is obvious that, given a smooth connection, the holonomy map of ͑II.1͒ provides such a homomorphism. However, it is easy to construct 11 examples of more general homomorphisms which, for example, would correspond to ''distributional connections.'' In relation to the more familiar scalar field theories, HG will play a role which in some ways is similar to that played by the space S of test functions and A/G is analogous to the space S Ј of Schwartz distribution. In particular, just as S Ј is the space of paths for scalar fields, A/G will serve as the space of paths for gauge theories. The ''duality'' between HG and A/G is non-linear. However, just as elements of S serve as labels for cylindrical functions on S Ј, elements of HG will serve as labels for cylindrical functions on A/G . ͑ii͒
The second characterization brings out the topological structure of A/G . Recall first that in any of the standard Sobolev topologies on A/G , the functions T ␣ are continuous. Furthermore, for gauge groups under consideration, they are bounded. Hence, the Ã-algebra they generate is a sub-algebra of the C Ã -algebra C 0 (A/G ) of all continuous bounded functions on A/G . Denote the completion of this Ã-algebra by HA. This is an Abelian C Ã -algebra with identity and is called the holonomy algebra. Now, the Gel'fand representation theory guarantees that HA is naturally isomorphic with the C Ã -algebra of all continuous functions on a compact Hausdorff space. This space -the Gel'fand spectrum of HA -is our A/G . Thus, the topology on A/G is the coarsest one which makes the Gel'fand transforms of the traces of holonomies continuous. Finally, since HA suffices to separate points of A/G , it immediately follows that A/G is densely embedded in A/G . ͑iii͒ The last characterization is in terms of projective limits. 25 One begins with two projective families labelled by graphs, each consisting of compact Hausdorff manifolds. The projective limit of the first yields a completion Ā of the space A of smooth connections while the projective limit of the second provides a completion of the the space G of smooth gauge transformations. One then shows that A/G ϭĀ /Ḡ . This characterization is best suited for analyzing the ͑surprisingly rich͒ geometric structure of A/G .
12,26
Finally, we note that A/G admits 11-13 a natural, normalized, Borel measure 0 which, in our approach, will play the role that ''DA'' plays in heuristic considerations. We will conclude by indicating how this measure is defined.
To begin with, let us consider the family of all piecewise analytic, oriented graphs ⌫ in M . Denote by 1 (⌫) the fundamental group of the graph ⌫. Choose a system of generators ␤ 1 , ...,␤ n of 1 (⌫) where n:ϭdim" 1 (⌫)… is the number of independent generators of the fundamental group. With this machinery at hand, we can define the notion of ''cylindrical functions,'' which will be the simplest functions on A/G that we will be able to integrate. Note first that, given any graph ⌫, we have a natural projection map,
from A/G to G n , where G is the structure group ͓i.e., SU(N) or U(1)] under consideration. Cylindrical functions are obtained by pull-backs of smooth functions on G n under this map. Thus, given any smooth function
The measure 0 on A/Ḡ can now be introduced via:
The proof that this condition does indeed define an infinite dimensional, (-additive͒ regular, normalized Borel measure 0 on A/G is given in Ref. 23 .
III. LATTICE GAUGE THEORY
In this section, we will recast the standard description of lattice gauge theory in a form that is better suited for our discussion of the continuum limit in section IV.
Consider finite square lattices ⌫(a,L x ,L y ) in M with spacing a and length L x and L y in the x and y directions. This lattice contains (N x ϩ1)(N y ϩ1) vertices, where N x a:ϭL x , N y a:ϭL y . Note that the use of such a lattice for quantum field theory implies both an infra-red regulator ͑the finite volume defined by the L x and L y ) and an ultra-violet regulator ͑defined by the lattice spacing a). Our strategy will be to construct a regulated quantum theory in this section and then remove the regulators in the next section.
Let us denote the open path along an edge ͑link͒ of the lattice from a vertex i to an adjacent vertex j by lϭl i→ j so that we may define the plaquette loops
That is, each plaquette loop starts at the bottom left corner and our convention is such that the coordinate directions define positive orientation. Here the coordinates x,y are taken to be integers. For the plane M ϭRϫR, all of these links are distinct while for the cylinder, M ϭRϫS 1 , we identify l (1,y)→(1,yϩ1) ϵl (N x ϩ1,y)→(N x ϩ1,yϩ1) . On the torus, we also identify l (x,1)→(xϩ1,1) ϵl (x,N y ϩ1)→(xϩ1,N y ϩ1) .
Next, we introduce a set of closed loops which can serve as generators, i.e., in terms of which any loop in ⌫ based at p can be expressed via composition:
͑i͒ Let x,y be an open path in ⌫ from p to the point (x,y). The loops
generate all loops on the plane. ͑ii͒ On the cylinder, we need an additional loop. We will take it to be the ''horizontal'' loop
͑iii͒ Similarly, on the torus we need an additional loop,
However, the loops ͕␤ x,y ,␥ x ,␥ y ͖ are not independent as the loop ␥ y Ϫ1 ‫␥ؠ‬ x Ϫ1 ‫␥ؠ‬ y ‫␥ؠ‬ x can be written as a composition of the ␤ x,y . ͑An intuitive notion of independence will suffice for our work here. For a careful definition, see Ref. 11 .͒ This constraint will lead to an ''interacting'' U(1) theory for the torus in contrast to the plane and the cylinder.
With these preliminaries out of the way, let us now summarize the standard formulation of the lattice gauge field theory by Wilson. 27 For each of the links in the lattice, introduce one G-valued degree of freedom ͑the ''parallel transport along the link''͒. Let the ''lattice Yang-Mills action'' be given by the Wilson expression
͑III.5͒
where h ᮀ denotes product of link variables around the plaquette ᮀ and R tr is the real part of the trace. Also, let d W be the Haar measure on G N l , where N l is the number of links in the graph. The regulated Wilson-loop functional is now given by
where ␣ 1 , ...,␣ k are loops in ⌫ϭ⌫(a;L x ,L y ); the ''inverse temperature'' is given by
(dϭ2 being the dimension of M ); and where g 0 ϭg 0 (a) is the bare coupling constant. The
where p denotes the trivial loop at p. From a mathematical physics perspective, these Wilson loop functionals can also be regarded as the characteristic functional of the regulated measure. To emphasize this dual interpretation, using the standard notation for characteristic functionals, we will set:
͑III.8͒
For our purposes, it will turn out to be more convenient to re-express the characteristic functional in terms of integrals over the independent loops in the graph ⌫. To do so, we make use of the fact that, whenever it is used to integrate gauge invariant functions, the measure d W may be replaced by the Haar measure on G N , where N is the number of independent loop generators of the graph ⌫. This fact follows immediately from the results of Refs. 13, 26 . ͑In the language of these works, it is contained in the statement that Ā /Ḡ ϭA/G and that the Haar measure on Ā projects unambiguously to yield the Haar measure on A/G .) Thus, we may write the regulated characteristic functional as:
͑III.9͒
where d H is the Haar measure on G and ␣ i (g ᮀ ) is the expression for ␣ i in terms of the generators ␤ x,y with each generator ␤ x,y replaced by the integration variable g x,y ͓similarly for
. The corresponding expression for the torus will appear at the end of this section. The idea of the next section will simply be to evaluate the above integrals for any given a,L x ,L y and then take the limits to remove the ultra-violet and infra-red regulators.
To conclude this section, we will introduce some definitions and collect a few facts about loops in ⌫. These will be useful in section IV.
Definition III.1: A loop is said to be simple iff there is a holonomically equivalent loop which has no self-intersections.
Note that any simple loop which is homotopically trivial ͑in space-time͒ divides space-time into two regions: an interior which is topologically a 2-disk and an exterior. This is just the Jordan curve theorem.
Definition III.2: On the torus, we define the surface enclosed by a simple homotopically trivial loop to lie on the left as one follows the loop counterclockwise (when the torus is represented as a two-dimensional rectangle with the standard identifications.)
Definition III.3: Two distinct simple homotopically trivial loops are said to be nonoverlapping iff the intersection of the surfaces that they enclose has zero area. The homotopically non-trivial loops ␤ x and ␤ y will both be said not to overlap any other loop.
So, for example, all the loops ␤ x,y are simple since they lie in the same hoop class as the plaquette loops ᮀ (x,y) . Non-overlapping distinct simple loops are allowed to share whole segments whence the plaquette generators of our graph ͑lattice͒ are mutually non-overlapping.
It will turn out that the following two simple lemmas govern the form of the characteristic functional in two space-time dimensions.
Lemma III.1: Every simple, homotopically trivial loop ␣ on ⌫ can be written as a particular composition of the generators ␤ ᮀ contained in the surface enclosed by ␣, with each ␤ ᮀ appearing once and only once.
It is readily checked that when two homotopically trivial loops ␣ 1 and ␣ 2 ͑enclosing disks D 1 and D 2 ) are non-overlapping and such that D 1 ഫD 2 is also a disk, then either ␣ 1 ␣ 2 or ␣ 1 ␣ 2 Ϫ1 ͑or, on the torus, perhaps the inverse of one of these loops͒ encloses D 1 ഫD 2 . Since every disk is a finite union of plaquettes, Lemma III.1 follows immediately. ᮀ This Lemma allows us to write a simple expression for the generating functional on the torus. Note that, after 'ungluing' the torus to make a rectangle, the loop ␥ x ‫␥ؠ‬ y ‫␥ؠ‬ x Ϫ1 ‫␥ؠ‬ y Ϫ1 is simple and homotopically trivial, enclosing the entire area of the torus. As a result, it may be written as a product of the plaquette loops ␤ ᮀ in which each ␤ ᮀ appears once and only once. We may therefore pick any one of these loops ͑say ␤ (0,0) ) and write it as a function of the other plaquette loops and the loops ␥ x ,␥ y . Alternatively, we find a product C of holonomies along all the loops ␤ ᮀ ,␥ x ,␥ y which is the identity in G. Inserting a ␦ distribution on G enforcing the constraint Cϭ1 N we find for the generating functional on the torus
͑III.10͒
Finally, we have: Lemma III.2: Every loop can be written as a composition of simple non-overlapping loops.
This follows from the fact that the ␤ ᮀ ͑together with ␤ x ,␤ y on S 1 ϫR and T 2 ) are simple and non-overlapping and that they generate the graph ⌫. ᮀ
IV. CONTINUUM THEORY
In this section we will derive a closed expression for the Wilson loop functionals -i.e., for the characteristic functional of the measure -for the continuum theory when the underlying manifold M is either a 2-plane or a cylinder. ͑For the torus, we have been able to carry out the computation to completion only for the Abelian case, GϭU (1) , and this theory is discussed in detail in Appendix B.͒
In section IV A, we will discuss U(1) theories and in section IV B, SU(N) theories. In both cases, we will show that the lattice-regulated characteristic functional admits a well-defined limit as the ultra-violet and infrared cut-offs are removed. Furthermore, we will be able to read-off certain qualitative properties of these functionals. However, the explicit expression involves a group-dependent constant. This is evaluated in section IV C.
A. Abelian case "U"1……
Let us first note that, in the U(1) case, products of functions T ␣ can be reduced to a single T ␣ Ј in the obvious fashion. Therefore, we need to consider only single loops. Fix a loop ␣ and consider its decomposition into non-overlapping simple loops. Let k I be the effective winding number of the simple homotopically trivial loop ␣ I , Iϭ1, ...,n and let l x ,l y be winding numbers of the homotopically non-trivial loops ␤ x ,␤ y in this decomposition. Define ͉␣ I ͉ to be the number of plaquettes enclosed by the simple loop ␣ I . We can then write the characteristic functional as follows ͓with GϭU(1)]:
where we could neglect the precise ordering of plaquette variables ͑that occurred in the decomposition of ␣ in terms of ␤ ᮀ ,␤ x ,␤ y ) because the gauge group is Abelian. In this formula l x ϭl y ϭ0 on the plane and l y ϭ0 on the cylinder and eϭ0 for the plane and the cylinder while eϭ1 for the torus. Now, for GϭU(1), we have ͐ G d H (g)g n ϭ␦(n,0). Hence, it follows immediately that the characteristic functional is non-zero if and only if l x ϭl y ϭ0. Therefore, we will focus on this case in the sequel. Now, let us consider the partition function, Z. For the plane and the cylinder, different plaquette contributions decouple and we obtain:
͑IV.1͒
For the torus, on other the hand, decoupling does not occur and we are left with
͑IV.2͒
Thus, even in the Abelian, U(1) case, the Euclidean theory in two space-time dimensions has interactions! We will continue the discussion of this case in Appendix B.
Collecting these results, for the plane and the cylinder, we can now reduce the expression of (␣) to:
in case when l x ϭ0 ͑and (␣)ϭ0 otherwise.͒ We now want to take the continuum limit. The ultra-violet limit corresponds to letting lattice spacing go to zero, i.e., ␤→ϱ, and the infrared limit corresponds to letting the lattice size go to infinity, i.e., L x →ϱ and L y →ϱ.
Let us set
Now, since g is simply a complex number of modulus one it is obvious that the fraction J n (␤)/J 0 (␤) in ͑IV.3͒ is a real number of modulus less than or equal to one. Now observe that ͉␣ I ͉ϭg 0 2 ␤A(␣ I ), where A(␣ I ) is the Euclidean area enclosed by ␣ I . In the limit, ␤→ϱ, the integrand of both numerator and denominator become concentrated at gϭ1, whence we have an expansion of the form J n /J 0 ϭ"1Ϫc(1,n)/␤…"1ϩO(1/␤ 2 )…, where c is positive because J n /J 0 approaches the value 1 from below. Thus, it is easy to see that
for l x ϭ0 and zero otherwise. We will calculate the coefficients c(1,n) in section IV C. Finally, note that the infra-red limit is trivial since (␣) is independent of L x ,L y , ͑assuming of course that they are large enough for the region under consideration to contain the loop͒.
To summarize, we can arrive at the continuum characteristic functions as follows. Given any piecewise analytic loop ␣Ј in M , we first consider a sufficiently fine and sufficiently large lattice and approximate ␣Ј by a loop ␣ lying in the lattice. Then, we express ␣ as a product of nonoverlapping simple loops and compute the regulated characteristic function (␣) directly. Finally, we take continuum limit to arrive at the final expression ͑IV.5͒.
We will conclude this sub-section by pointing out that the Abelian case has been discussed in the literature extensively ͑see, e.g., Ref. 5 for an early treatment͒ and is included here mainly for completeness.
B. Non-Abelian case (SU"N…)
Let us now consider the technically more difficult non-Abelian case. As indicated before, in this discussion, we will restrict ourselves to the plane and the cylinder.
For SU(N), the trace identities only enable one to express traces of products of matrices as linear combinations of traces of products of r:ϭNϪ1 or fewer matrices. Hence, unlike in the Abelian case, the product T ␣ 1 •••T ␣ n can not be reduced to a single T ␣ ; we can no longer confine ourselves to single loops. Fix a multi-loop -i.e., a set of r loops -␣ 1 , ...,␣ r and consider its decomposition into simple, non-overlapping loops. Suppose that, in this decomposition, there are n homotopically trivial loops ␣ I and c homotopically nontrivial loops ␥ i ͑clearly, cϭ0 or cϭ1). Let ͉␣ I ͉ be the number of plaquettes enclosed by ␣ I and let k I Ϯ and l i Ϯ be the number of times that ␣ I and ␥ i occur ͑respectively͒ with positive or negative power in this decomposition. Thus, altogether, there are bϭ ͚ Iϭ1 n ͓k I ϩ ϩk I Ϫ ͔ϩ ͚ iϭ1 m ͓l i ϩ ϩl i Ϫ ͔ factors of holonomies around the ␣ I ,␥ i and their inverses involved in the expansion of the product T ␣ 1 •••T ␣ r . These may occur in arbitrary order, depending on the specific loops ␣ i , iϭ1, ...,r.
It is then easy to see that we can now write T ␣ 1 •••T ␣ r explicitly as a product of matrices representing holonomies around simple loops, with an appropriate contraction of matrix-indices:
͑IV.6͒
Here, we have the following relation between indices that are being contracted:
and similarly with the exchanges E↔F, A↔B, C↔D; and is an element of the symmetric group of b elements that depends on the loops ␣ i and defines the specific contraction involved in
To evaluate the expectation values of this product of traces of holonomies, we need to expand out the inverses of matrices that appear in ͑IV.6͒ explicitly. This can be done easily using the fact that the matrices in question are all uni-modular. We have:
and similarly for the inverse of h ␥ i . Finally, if we define n I :ϭk
we can rewrite ͑IV.6͒ using a tensor-product notation as:
Next, let us examine the contributions from homotopically trivial loops. Choose :ϭ␣ I for some I and consider the expression
Label the plaquette loops enclosed by from 1 to ͉͉:ϭm; thus h ϭg 1 •••g m , where g k :ϭh ᮀ k .
Then the above expression becomes
where, in the last step we have used the product rule for tensor products of matrices. With these explicit expressions at hand, we can now consider the functional integral which yields the Wilson loop functionals. In this evaluation, each of the n-fold tensor products in ͑IV.10͒ has to be integrated with the measure d͑g ͒ϭd H ͑ g ͒exp"␤/NR tr͑g ͒….
͑IV.11͒
To carry out this task, we will use the representation theory reviewed in Appendix A. According to Appendix A, we have:
͑IV.12͒
Here, in the first step, we have decomposed the matrix n g into a direct sum of irreducible representations, with i labeling the orthogonal equivalent representations and m labeling the equivalence classes of inequivalent representations, and p ͕m͖,i (n) are the Young symmetrizers; in the third step, we have used the fact that the trace is a class function ( ͕m͖ being the character of the representation ͕m͖); and, in the last step we have simply defined
͑IV.13͒
Finally, using the orthogonality of the projectors p ͕m͖ (n) n 1 N we find that the integral over ͑IV.9͒ becomes
͑IV.14͒
The integral over the homotopically non-trivial loops is quite similar, the main difference being that the measure there is the Haar measure and that each of these loops involves just a single integration variable. According to Appendix A we find that the integral over n g with the Haar measure is given by
where p 0 (n) is the projector on the trivial representation. Collecting these results, we can write the vacuum expectation value of T ␣ 1 ,...,T ␣ r as follows. Set
This is the closed expression for the regulated Wilson loops. Although it seems complicated at first, its structural form is rather simple. ͑A more elegant derivation of ͑IV.16͒ uses the notion of a loop-network state, 9 however, since products of traces of the holonomy are more familiar to gauge theorists we have refrained from introducing the associated mathematical apparatus here.͒ First of all, the lattice spacing and the coupling constant enter this expression only through J ͕m͖ . The rest is all an explicit contraction of indices of a product of a finite number of matrices. For any given group GϭSU(N), the matrices depend only on the decomposition of T ␣ 1 ,...,T ␣ r in terms of the n holonomies around the homotopically trivial, simple loops and the m holonomies around the homotopically non-trivial simple loops.
To establish the existence of the continuum limit, therefore, we only need to show that ͓J ͕m͖ (␤)/J 0 (␤)͔ ͉␣ I ͉ converges to a finite value as a→0. Let us begin by noting that
This estimate implies that ͉J ͕m͖ /J 0 ͉ is always a number between 0 and 1 for finite ␤. Moreover, we have
since for ␤→ϱ the measure in both numerator and denominator becomes concentrated at the identity for which both integrand are equal to the number one. Therefore, we have an asymptotic expansion of the form
where the first order coefficient c(N,͕m͖) must be non-negative since J ͕m͖ /J 0 approaches unity from below. Finally, observing that ͉␣ I ͉ϭ␤g 0 2 A(␣ I ), we find that the continuum limit of ͑IV.16͒ is given by replacing the ͓J ͕m͖ /J 0 ͔ ͉␣ I ͉ by
This establishes the existence of the continuum limit. To obtain the explicit formula for the Wilson loops, it only remains to evaluate the constants c(N,͕m͖). We will carry out this task in the next sub-section. We will conclude this sub-section with a few remarks. ͑Some of these observations have been made in the context of other approaches but are included here for completeness.͒ ͑i͒ The explicit expression of the Wilson loop functionals ͑or the characteristic functional for the Yang-Mills measure on A/G ) is rather complicated. Note however that the computation only involves complicated traces and can be performed by algebraic manipulation programs very quickly. Furthermore, some of the qualitative features can be easily read-out. Note first that if we have a single, simple loop ␣ 0 , the matrix factors in ͑IV.16͒ disappear and the expectation value collapses to simply:
where 2c is the value of the first SU(N) Casimir on its fundamental representation ͑see the next subsection͒ and where A(␣ 0 ) is the Euclidean area enclosed by the loop ␣ 0 . Thus, the area lawgenerally taken to be the signal of confinement -holds. Note that the loop does not have to be large; the expression is exact. Finally, note from section IV A that this law holds also for the Abelian theory. Thus, the continuum limit of the lattice U(1) theory provides us the confined phase of the theory which is different from the phase described by the standard Fock representation. ͑ii͒ More generally, if one restricts oneself to non-overlapping loops ␣ 1 , ...,␣ n , our closed expression ͑IV.16͒ yields
with ͗(h ␣ )͘ϭ(1 N )e Ϫc(N,)g 0 2 A(␣) of ͑IV.17͒, where as before is the irreducible representation. This result is agreement with the results obtained by Bralic, 5 Gross et al. 4 and Klimek et al. and Kazakov. 28 However, even for this special case, our method of arriving at the result is different. As explained in the Introduction, we do not break gauge invariance to pass to a ''kinematically linear'' case nor do we use stochastic differential equations.
͑iii͒ Note that, as in the Abelian theory, the infra-red limit is trivial since the continuum expression of the Wilson loop functionals does not depend on L x or L y at all ͑provided of course the lattice is chosen large enough to encompass the given r loops͒.
͑iv͒ It is interesting to note that we did not have to renormalize the bare coupling constant g 0 in the process of taking the continuum limit. This is a peculiarity of two dimensions. Indeed, in higher dimensions, the bare coupling constant does not have the correct physical dimensions to allow for an area law which suggests that renormalization would be essential.
͑v͒ In the classical theory in higher dimensions, the Yang-Mills action depends on the spacetime metric and is thus invariant only under the action of the finite dimensional isometry group of the underlying space-time ͓the Poincaré ͑respectively, Euclidean͒ group, if the space-time is globally Minkowskian ͑Euclidean͔͒. In two space-time dimensions, on the other hand, one needs only an area element to write the Yang-Mills action. Thus, the symmetry group is considerably enlarged; it is the infinite dimensional group of area preserving diffeomorphisms. A natural question is whether the Wilson loop functionals are also invariant under this larger group. Our explicit expression makes it obvious that it is. Thus, the infinite-dimensional symmetry is carried over in-tact to the quantum theory. This property is not obvious in many other approaches which use gauge-fixing to endow A/G a vector space structure and then employ the standard ͑space-time metric dependent͒ Gaussian measures in the intermediate steps. In these approaches, special and somewhat elaborate calculations are needed to verify invariance under all area preserving diffeomorphisms.
͑vi͒ As one can explicitly check, if one performs the N→ϱ limit of our continuum theory on the plane or the cylinder using the above expression then one does not encounter a phase transition. This seems to contradict certain results 29 obtained in a two-dimensional finite, planar lattice theory. However, there is no contradiction because in two dimensions on the plane or the cylinder the appearance of the N→ϱ phase transition is a lattice artefact. In Ref. 17 the authors observe a third order phase transition in the limit N→ϱ also in the continuum. However, those authors consider the case that the two-dimensional manifold is a sphere rather than a plane or a cylinder so that again there is no contradiction.
C. Determination of the coefficients c"N,ˆm‰…
The main idea behind the calculation is the following; Since for ␤→ϱ, the integrand of J ͕m͖ (␤) is concentrated at the identity, it is sufficient to calculate the integrand in Eq ͑IV.13͒ ͑defining J ͕m͖ ) in a neighborhood of the identity.
To and where f JK I are the structure constants of the semi-simple sub-ideal of L(G) which therefore are completely skew. Finally, the Haar measure can be written
since det(‫ץ‬r/‫ץ‬s) sϭ0 ϭdet(1ϩ
is the Ith basis vector of the semi-simple sub-ideal of L(G) in the adjoint representation which is trace-free. We are now ready to carry out the required estimate. There exists a subset U 0 ʚR dim(G) which is in one-to-one correspondence with G via the exponential map. Let U be the closure of U 0 in R dim(G) . The set U is compact in R dim(G) because G is compact and so the set U 0 must be bounded. Furthermore, since the group under consideration has only a finite number of connected components ͑namely, one͒, there are also only a finite number of corresponding connected components of U 0 and therefore the set UϪU 0 has at most dimension dim(G)Ϫ1. It follows that UϪU 0 has Lebesgue measure zero, that is, we can replace the integral over U 0 with respect to d dim(G) t by an integral over U. For instance, for U(1) the set U is just given by the interval ͓Ϫ,͔ while U 0 could be chosen as ͓Ϫ,). Likewise, for SU(2) the set U is the set of points t 1 2 ϩt 2 2 ϩt 3 2 р while U 0 is the set of points t 1 2 ϩt 2 2 ϩt 3 2 Ͻ plus one arbitrary additional point of radius corresponding to the element Ϫ1 2 . Inserting ͑IV.19͒, ͑IV.20͒ and ͑IV.22͒ into ͑IV.13͒ we can therefore write an expansion in 1/ͱ␤
But ͚ I (X I ) 2 ϭϪ ͕m͖ 1 ͕m͖ is the Casimir invariant and ͕m͖ is its eigenvalue. Therefore we arrive finally at c͑N,͕m͖͒ϭ 1 2 ͕m͖ .
͑IV.26͒
It is well-known 31 that the Laplace-Beltrami operator Ϫ⌬ has eigenvalues ͕m͖ on its complete system of conjugation invariant eigenfunctions ͕m͖ (g). These functions are parametrized by r discrete quantum numbers, according to the rank of G.
V. THE HAMILTONIAN FORMALISM
In this section, we will recall the standard Hamiltonian formulation of Lorentzian Yang-Mills theory in 1ϩ1 dimensions. ͑For details, see, e.g., Refs. 32-34͒. Here we will only consider topologies M ϭR 2 and M ϭS 1 ϫR since the Lorentzian metric, obtained by analytic continuation, on the torus S 1 ϫS 1 has closed time-like curves. This discussion will be used in section V C to show the equivalence of our Euclidean framework with the standard Hamiltonian description.
The canonical form of the Yang-Mills actions is given by so that the Hamiltonian density must be a constant. Thus, the energy on the plane is infinite unless that constant is zero. This enforces the new first class constraints E I ϭ0. The motions generated by these constraints are transitive on the whole configuration space of the A I and so A I is identified with the trivial connection A I ϭ0. The reduced phase space for M ϭR 2 is therefore zerodimensional, it consists only of one point, (0,0), say.
Remark: A more interesting theory results if we weaken the boundary conditions to allow non-zero electric fields at infinity. For definiteness, let us consider the SU(2) theory and define the phase space as follows: (A I ,E I ) belong to the phase space if A I ϭO(1/x 2 ) and E I ‫ۋ‬E o v I as x‫ۋ‬Ϯϱ, where E o is an arbitrary constant and v I is a fixed internal vector. It is easy to check that the symplectic structure is well-defined on this phase space. Physically, the boundary conditions ensure that we have ''an external electric field.'' ͑The previous arguments do imply that the total Hamiltonian of the system is infinite but the energy per unit length is finite.͒ The Gauss law again generates gauge transformations which are asymptotically identity. We can partially fix this gauge freedom by demanding that the electric field be everywhere parallel to v I . Then the Gauss constraint itself implies that E I ϭE o v I everywhere and that A I is also parallel to v I . The remaining gauge freedom can be exhausted by bringing A I to a standard form: A I ϭA o f (x)v I , where f (x) is a fixed function and the value of the constant A o is determined by the holonomy of the given connection A I (x). This exhausts the gauge freedom and solves the Gauss law. The true degrees thus captured in the pairs (A o ,E o ); the reduced phase space is topologically R 2 . ͓For the SU(N) theory, it is R 2r .] We will not treat these cases in any detail here, however, because the modifications needed to incorporate these ''external fields'' in the Euclidean description is beyond the scope of this work ͑as well as of other mathematical physics treatments that we are aware of͒.
On the cylinder, the theory is analogous to the more general case discussed above but the Hamiltonian is now finite. It is given by
By a gauge transformation, 34 we may take A,E to be constant. By means of a constant gauge transformation we achieve that A lies in a Cartan subalgebra. Since in that gauge the Gauss constraint implies that A,E commute, it follows that there is a gauge in which A,E both lie in a Cartan subalgebra. Let r be the rank of L(G); then the maximal Cartan subalgebra has dimension r and the reduced phase space has dimension 2r. The reduced phase space is then the quotient 
VI. AXIOMATIC FRAMEWORK AND RELATION TO THE HAMILTONIAN THEORY
In scalar field theories, the Osterwalder-Schrader axiomatic framework provides a compact formulation of what is often referred to as ''the main problem.'' Consequently, the framework plays a central role in constructive quantum field theory. However, as mentioned in the Introduction, this framework is geared to ''kinematically linear'' theories because a basic premise of the axioms is that the space of paths is a vector space, generally taken to be the space S Ј of tempered distributions. In this section, we will use the material presented in sections II and IV to suggest a possible generalization of the Osterwalder-Schrader framework to gauge theories, using for the space of physical paths the non-linear space A/G . The section will be divided into three parts. In the first, we briefly review the aspects of the Osterwalder-Schrader framework that are relevant for our discussion. In the second, we propose an extension of the key axioms and verify that they are satisfied by the continuum SU(N) YangMills theories. In the third part we show that the axioms suffice to demonstrate the equivalence between the Euclidean and the Hamiltonian frameworks.
A. Kinematically linear theories
As mentioned in the Introduction, the basic idea of the Euclidean constructive quantum field theory 6 is to define a quantum field theory through the measure on the space of paths ⌽-the rigorous analog of ''expϪS(⌽)D⌽.'' In the Osterwalder-Schrader framework, the space of paths is taken to be the space S Ј of tempered distributions on the Euclidean space-time R d , and conditions on permissible measures on S Ј are formulated as axioms on their Fourier transforms
Here f are test functions in the Schwartz space S , the over-bar is used to emphasize that the fields are distributional and ͑OS-I͒ Analyticity. This assumption ensures that the measure has an appropriate ''fall-off.'' It requires that (͚ iϭ1 n z i f i ) is entire analytic on C n for every finite dimensional subspace spanned by the linearly independent vectors f i S .
͑OS-II͒ Regularity. These are technical assumptions which, roughly speaking, allow one to construct Euclidean field operators such that its Schwinger distributions S͑x 1 , ...,x n ͒:ϭ͗⌽ ͑x 1 ͒, ...,⌽ ͑x n ͒͘ are tempered -rather than less well-behaved -distributions. We will not display them here.
͑OS-III͒ Euclidean invariance. This condition ensures Poincaré invariance of the
Here the test functions are considered as scalars, that is (g f )(x):ϭ f (gx).
͑OS-IV͒ Reflection positivity. This is perhaps the key axiom because it enables one to reformulate the theory in terms of more familiar concepts by providing a notion of time, a Hilbert space, and a Hamiltonian. The precise condition can be formulated as follows. Choose an arbitrary hyper-plane in R d which we will call the time zero plane. Consider the linear space, denoted V, generated by finite linear combinations of the following functions on S Ј
where z i C, f i S with support only in the ''positive time'' part of the space-time ͑1͒ Consider the null space N of norm zero vectors in V with respect to the bilinear form ͑,͒ introduced in ͑VI.2͒ and Cauchy-complete the quotient V/N . Then H:ϭV/N with scalar product ͑,͒. ͑2͒ The most important theorem now is that, given a probability measure satisfying reflection positivity and Euclidean invariance, the time translation operator T(s) acting on V factors through the quotient construction referred to ͑1͒, that is, it leaves the null space N invariant. This means that we can represent it on H and standard Hilbert space techniques now ensure that T(t) has a positive self-adjoint generator H such that T(t)ϭexp(ϪtH) ͓note that ͑due to Euclidean invariance͒ T(t) is unitary with respect to ͗,͘ but symmetric with respect to ͑,͒ due to the additional time reflection involved; this shows that T(t) provides a symmetric contraction semi-group͔.
͑3͒
The vacuum state turns out to be just the projection to H of the function 1 on S Ј.
B. A proposal for gauge theories
The discussion of section II suggests that, in certain gauge theories, it is natural to use A/G as the space of physical paths. Thus, we are led to seek an extension of the Osterwalder-Schrader framework in which the linear space S Ј is replaced by the non-linear space A/G . At first this goal seems very difficult to reach because the standard framework uses the underlying linearity in almost every step. However, we will see that one can exploit the ''non-linear duality'' between connections and loops -or, more precisely, between A/G and the hoop group HG -very effectively to extend those features of the standard framework which are essential to the proof of equivalence between the Euclidean and the Hamiltonian frameworks.
Let us consider a gauge theory in d Euclidean space-time dimensions with a compact Lie group G as the structure group. The proposal is to use A/G as the space of Euclidean paths. ͑Even though we are now working in an arbitrary dimension and with more general structure groups, this space can be again constructed using any one of the three methods discussed in section II.͒ Since A/G is compact, it admits normalized, regular Borel measures. Furthermore, the Riesz-Markov theorem ͑together with the Gel'fand theory͒ ensures 10 that each of these measures is completely determined by the ''characteristic functional'' (␣ 1 , ...,␣ n ), defined by:
where, Ť ␣ k denotes Gel'fand transform of T ␣ k , the trace of the holonomy around the closed loop ␣ k . ͑There is also a theorem 35 that ensures the converse, i.e., which states that given a functional of multi-loops satisfying certain conditions, there exists a regular measure on A/G such that can be reconstructed via ͑VI.3͒. However, since one has to introduce more technical machinery to state this theorem properly and since this converse is not logically necessary for the constructions that follow, we will not discuss it here.͒ Comparing ͑VI.3͒ and ͑VI.1͒, we see that A/G now plays the role of S Ј and multi-loops, the role of test functions, and traces of holonomies, the role of exp i⌽(f). Thus, we have extended the Fourier transform ͑VI.1͒ to a non-linear space by exploiting the fact that the loops and connections can be regarded as ''dual objects'' in the expression of the trace of the holonomy. Our strategy now is to introduce a set of axioms on measures through their characteristic functionals .
Let us begin with an observation. The discussion of the previous section brings out the fact that while all five axioms are needed to ensure that the resulting theory is complete and free of pathologies, it is the last three axioms -the Euclidean invariance and the reflection positivitythat play the central role in the reconstruction of the Hamiltonian theory. We will therefore begin with these axioms.
A quantum gauge field theory is a probability measure on A/G satisfying the following axioms:
͑I͒ Euclidean invariance. is invariant under the full Euclidean group if the space-time topology is R d , and under the full isometry group of the flat Euclidean metric in more general context. In terms of characteristic function , we thus have:
where ␣ stands for a generic multi-loop (␣ 1 , ...,␣ n ) and g␣ denotes the image of ␣ under the action of an isometry g. ͑II͒ Reflection positivity. Choose, as before, an arbitrary ''hyper-plane'' and regard it as the time-zero slice. Consider the linear space V generated by finite linear combinations of functionals on A/G of the form
where the loops ␣ Ii have support in the positive half space. Then we must have:
where, as before ⌰ is the time-reflection operator. ͑III͒ Clustering. The requirement is the same in formulae as for the kinematically linear field theories, namely,
ϭ␣ ជ () and is a parameter along the loop. We will see in the next section that these axioms suffice to reconstruct the Hamiltonian theory. However, this set of axioms is clearly incomplete ͑see e.g. reference 7͒. We will now indicate how one might impose additional conditions and point out some subtleties.
Let us begin with the analyticity axiom of Osterwalder and Schrader. In that case, we could take complex linear combinations ͚z i f i because the space S of test functions is a vector space. In the present case, we can only compose loops ͑or, more precisely, hoops͒ to obtain
with integer winding numbers n j , and, more generally, a full subgroup of the hoop group generated by a finite number of independent hoops ͑the notion of ''strong independence,'' 11 of hoops being the substitute for ''linear independence'' of test functions f i .) One could also include complex winding numbers and this may lead us to the notion of ''extended loops.'' 36 In any case, it may be natural to require that ͕͑␣ i ͖͒ be ''in some sense analytic'' in the winding numbers n i j ͑we will leave a more precise formulation of this notion for future work͒. Recall, however, that in the Osterwalder-Schrader framework, the analyticity axiom is needed to ensure the existence of Schwinger functions. In the present case, on the other hand, since the analogs ͗A(x 1 ), ...,A(x n )͘ of the Schwinger functions fail to be gauge invariant, from our perspective, it is unnatural to require that they be well-behaved in the quantum theory. So, at this stage of our understanding, the raison d'etre of the analyticity condition is not as compelling in our framework. Therefore, a definitive formulation of this axiom must await further development of the framework.
The situation with the Regularity axiom is similar. In the Osterwalder Schrader framework, it prescribes certain bounds on the characteristic function ( f ) which are needed to ensure that the Schwinger functions can be continued analytically to obtain the Wightman functions in the Lorentzian regime. In the present context, neither the Schwinger nor the Wightman functions are gauge invariant. Nonetheless, suitable regularity conditions are needed to ensure that the Lorentzian Wilson loops are well-defined. The precise form of these conditions will become clear only after the issue of analytic continuation of Wilson loops is explored in greater detail.
Finally, the space A/G is very large: In a well-defined sense, it serves as the ''universal home'' for measures in theories in which the traces of holonomies are well-defined operators. 8 From general considerations, one would expect that the measures that come from physically interesting gauge theories should have a much smaller support ͑provided, of course, that traces of holonomies are measurable functions͒. A further investigation of this issue would suggest additional restrictions on the characteristic functions.
To conclude this section, let us consider the key question that any set of axioms must face: Are they consistent? That is, do they admit non-trivial examples? Fortunately, results in section IV immediately imply that the answer is in the affirmative. To see this, let us take M to be either a 2-plane or a 2-cylinder and the structure group to be SU(N) or U(1). The characteristic functional is then given by ͑IV.16͒. Let us begin with Euclidean invariance. Since the characteristic functionals depend only on the areas of the various loops involved, they are invariant under all area preserving diffeomorphisms and, in particular, under the isometry groups of the underlying spacetimes. Reflection positivity is also satisfied because, as we will see in the next sub-section, after dividing by N we obtain a scalar product which is positive definite. Furthermore, since the measure is non-interacting, clustering is immediate ͑see next subsection͒. Finally, we can also test if the ''obvious'' restrictions of analyticity and regularity are met. By inspection, the characteristic functionals ͑IV.16͒ are formally analytic in k I Ϯ and l i Ϯ . Since the winding numbers n j are linear combinations of these, the generating functions are formally analytic in the winding numbers as well. Finally, the generating functionals are bounded ͑by 1).
C. Reconstruction of the Hamiltonian theory
Let us now construct a Hilbert space, a Hamiltonian and a vacuum via the Osterwalder Schrader algorithm 6 and verify that, for cases treated in sections IV, this description is equivalent to the one obtained directly using Hamiltonian methods in section V. Since this algorithm uses, in essence, only reflection positivity, it is directly applicable to our formulation of gauge theories.
The first step is to construct the null space N in V. Let us fix one of the ⌿'s considered in axiom ͑II͒. Then we have
where is the physical measure obtained by taking the continuum limit of ͑IV.16͒, and where we we have used the fact that, since G is unitary, (Ť ␣ )
Ã ϭŤ ␣ Ϫ1, where Ã denotes complex conjugation.
We now need to express this equation in terms of . Let us begin by considering the decomposition of a multi-loop ͕␣ 1 , ...,␣ s ͖, sрr. In this decomposition, it is convenient to separate the homotopically trivial loops from the non-trivial ones. In the case M ϭRϫR, there is no homotopically non-trivial loop. On the cylinder we can choose the horizontal loop ␥ at tϭ0 as the fiducial non-trivial loop and write every homotopically non-trivial loop occurring in the multiloop ͕␣ 1 , ...,␣ s ͖ as ϭ͓‫␥ؠ‬ Ϫ1 ‫,␥ؠ͔‬ where the loop in brackets is homotopically trivial. The result will be a multi-loop ␣ 1 , ...,␣ s whose homotopically trivial contribution comes only from ␥. where ͕m͖ is the ͕m͖th irreducible representation of G and g ͕m͖ is some matrix which depends only on the homotopically trivial loops ␣ i and which is projected from both sides by ͕m͖ (1 N ), that is, g ͕m͖ ͕m͖ (1 N )ϭ ͕m͖ (1 N )g ͕m͖ . Loops ␣ î arise from ␣ i by taking the simple loop decomposition of ␣ ĩ as in ͑IV.6͒ and taking out the ␥'s and its inverses. Since every multi-loop functional can be so expanded, it is sufficient to consider the scalar product among these functionals which we will now write as Now, using the formula
we find
͑VI.10͒
Here, in the third step we have used the fact that ␤ ͕m͖ ,⌰␤ ͕m Ј ͖ are supported in disjoint domains of space-time, the time reflection invariance of the measure and its maximal clustering property of the measure ͑non-overlapping loops are non-interacting͒. In the last step we used the fact that the integral over g ͕m͖ (␤ ͕m͖ ) AB results in a constant matrix, M AB say, which, by inspection of ͑IV.12͒ is a linear combination of projectors onto representation spaces of irreducible representations, partially contracted as to match the index structure of ͕m͖ . So M is a linear combination of matrices of the form AB Ј ϭ C,A;C,B (1 N ), where is an irreducible projector. Now using the fact that Ј ͕m͖ (1 N )ϭ ͕m͖ (1 N )Ј, that ͕m͖ is irreducible and that the contraction of tensor products of Kroneckers is again proportional to a tensor product of Kroneckers it follows that M ϭ ͕m͖ ϫ(1 N )tr(M )/d ͕m͖ . Formula ͑VI.10͒ says that
is a null vector. Therefore, our Hilbert space H is the completion of the linear span of the states ͕m͖ (h ␥ ) with respect to the Haar measure d H . On the plane, since there is no homotopically non-trivial loop ␥, the only state is the constant function ⌿ϭ1 which corresponds precisely to the trivial quantum theory as obtained via the Hamiltonian formalism. On the cylinder we obtain HϭL 2 "C(G),d H …, where C(G) is the Cartan subgroup of G and H is the corresponding effective measure on C(G) induced by the Haar measure H .
Finally, note that, in the final picture, the loop ␥ probes the connection Ā at time tϭ0 only. This is is completely analogous to the corresponding construction for the free massless scalar field 6 where the Hilbert space construction can be reduced to the fields at time zero.
Having constructed the Hilbert space, let us now turn to the Hamiltonian. As indicated in section VI A, the Hamiltonian can be obtained as the generator of the Euclidean time translation semi-group. Denote by ␥(t):ϭT(t)␥ the horizontal loop at time t. Now let ␣(t):ϭ␥(t)‫␥ؠ‬ Ϫ1 , then we have by the representation property
so that according to ͑IV.16͒ we have that
Hence, according to ͑IV.14͒
and the completeness of the ͕m͖ allows us to conclude that
is the configuration representation of the Hamiltonian. Finally, let us consider the vacuum state. By inspection, it is given by ⍀ϭ1. It is the unique vector annihilated by the Hamiltonian. We therefore expect that the measure is clustering ͑see Ref. Thus, as in scalar field theories, Euclidean invariance and reflection positivity have enabled us to construct the Hamiltonian description from the Euclidean. Furthermore, from sections IV and V it follows that for SU(N) and U(1) Yang-Mills theories on RϫRl and S 1 ϫRl, the Hamiltonian theory constructed through this procedure is exactly the same as the standard one, constructed ab-initio via canonical quantization.
VII. SUMMARY
The new results of the present paper can be summarized as follows: ͑1͒ We successfully employed the new integration techniques developed in Refs. 11-13 to compute a closed expression for the Wilson loop functionals for Yang-Mills theory in two Euclidean dimensions.
͑2͒ We proposed an extension of the Osterwalder-Schrader framework for gauge theories and showed how to recover the Hilbert space, the Hamiltonian and the vacuum for the Lorentzian theory starting from our Euclidean framework. For two-dimensional Yang-Mills theories on RϫR and on S 1 ϫR, the resulting quantum theory completely agrees with the one obtained via canonical quantization. Therefore, two-dimensional Yang-Mills theory constitutes another model theory in the framework of constructive quantum field theory.
͑3͒ Our results are manifestly gauge-invariant, geometrically motivated, require only simple mathematical techniques and the resulting quantum theory is manifestly invariant under the classical symmetry generated by area-preserving diffeomorphisms.
How do these results compare with those available in the literature? Let us begin with the Makeenko-Migdal approach. While they formulated differential equations that the Wilson loops have to satisfy, we have derived a general expression for Wilson loops themselves by directly computing the functional integrals. In the intermediate steps we used a lattice regularization. However, in contrast to the more common practice ͑in lattice gauge theories͒ of seeking fixed points of the renormalization group, our results for the continuum theories were then obtained by explicitly taking the limits to remove the regulators. Indeed, our general procedure is rather similar to that used in constructive quantum field theory: we began with a fiducial measure 0 on our space A/G of Euclidean paths, introduced an infra-red and an ultraviolet cutoff, evaluated the characteristic functional of the measure and then removed the regulators. Thus, in the end, we were able to show rigorously that the theory exists in the continuum. In particular, our mathematical framework guarantees the existence of the physical measure for the continuum theory ͑for which the ''fixed point'' arguments of numerical lattice theory do not suffice.͒ While the spirit of our approach is the same as that of the mathematical physics literature on the subject, there are some differences as well. Most of these approaches mimic techniques that have been successful in scalar field theories. Thus, generally, one fixes gauge right in the beginning to introduce a vector space structure on A/G ͑see, e.g., Ref. 4͒. Gauge fixing also brings considerable technical simplifications. However, proofs of invariance of the final expressions under gauge transformations and area preserving diffeomorphisms are then often long. Also, in most of this literature, the Wilson loops are computed for non-overlapping loops. Our results are perhaps closest to those of Klimek and Kondracki. 28 Their framework is also manifestly invariant under gauge transformations and area preserving diffeomorphisms. Furthermore, their results ͑as well as those of the second paper in Ref. 4͒ imply that their expressions of Wilson loops in the non-overlapping case admit consistent extensions to all loops. However, they restrict themselves to the structure group SU(2) and the relation to lattice gauge theory -and hence to the conventional Yang-Mills theory -is somewhat obscure.
There are several directions in which our results can be extended. We will conclude by mentioning some examples. First, now that closed expressions for Wilson loops are available, it would be very interesting to check if they satisfy the Makeenko-Migdal equations rigorously. Second, our axiomatic framework is incomplete and it would be very desirable to supplement it, e.g., with techniques from Ref. 7 . Another direction is suggested by the fact that, for theories discussed here in detail, we expect that the support of the final physical measure is significantly smaller than the full space A/G with which we began. Rigorous results that provide a good control on the support would be very useful in refining our axiomatic framework. Finally, it would be interesting to extend our Euclidean methods to closed topologies and compare the resulting framework with the gauge fixed framework of Sengupta. 38 Such a partition defines a so-called frame Y ͑Young diagram͒ composed of s horizontal rows with m i boxes in the ith row.
Associated with each frame we construct a certain operator acting on the n-fold tensor product representation as follows: Fill the boxes arbitrarily with numbers B 1 ,B 2 , ...,B n where B i ͕1,2, ...,N͖. Such a filling of the frame is called a tableau. Let P denote the subset of the symmetric group of n elements S n which only permutes the indices i of the labels B i of each row among themselves and similarly Q denotes the subgroup of S n permuting only the indices in each column among themselves of the given frame. The relevant operator is now given by e ͕m͖,i 39 that each of these symmetrizers corresponds to an irreducible representation of GL(N), U(N), and SU(N). Symmetrizers corresponding to different frames give rise to inequivalent representations all of those that correspond to different fillings of the same frame are equivalent. However, not all of the symmetrizers for a given frame are linearly independent, a linearly independent set of tableaux, the so-called standard tableaux can be constructed as follows: let the indices i of a filling always increase in one row from left to right and in each column from top to bottom. The number of these standard tableaux is given by the formula ͑if sϭ1, replace the numerator of the fraction by 1͒ i.e., the sum of the symmetrizers corresponding to the standard tableaux. This object is called the Note that the series in numerator and denominator converge absolutely and uniformly to a nonvanishing limit. Formula ͑B3͒ is the exact and complete result. If we could replace the sums by integrals over the real axis then the fraction involved in ͑C3͒ would give just the number 1 and we would be left with the exponential factor only. Note that because VϪA I у ͚ Jϭ " I A J , exponent in the exponential is non-negative: so that this pre-factor alone could possibly be the generating functional of a positive measure ͑According to the Riesz-Markov theorem one needed to verify that it is a positive linear functional on HA). The characteristic functional ͑B3͒ has several interesting features, for example:
͑1͒ While the non-interacting measures had exponents that were linear in the areas of the simple loops, for the interacting theory on the torus we obtain a quadratic dependence on the area, thus violating the area law! It is an interesting speculation that the interactive nature of the measure is related to the fact that functional integrals with compact time direction are supposed to describe finite temperature field theories. The interaction then comes from the background heat bath and the characteristic functional is the free energy of a canonical ensemble. ͑2͒ The interactive nature of the continuum measure for compact two-dimensional manifolds such as the torus considered here lets us expect that one would observe a phase transition as in Ref.
17 in the limit N→ϱ. However, the large N limit of ͑B3͒ is beyond the scope of the present paper and we leave a corresponding analysis for future research. ͑3͒ Notice that expression ͑B4͒ is invariant under taking complements ͑that is, A→VϪA) if there is only one simple loop, otherwise the simple loop decomposition of the complemented surfaces is different from the original one.
